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We present new fixed point results for generalized contractions on spaces with
two metrics. In addition generalized contractive homotopies will also be discussed
in detail.  2000 Academic Press
1. INTRODUCTION
This paper presents fixed point theorems for generalized contractions on
spaces with two metrics. The results are motivated from the study of
differential equations in abstract spaces; see, for example, O’Regan and
 Precup 6, Chap. 2 . This paper will be divided into two main sections.
Section 2 presents new local and global fixed point results for generalized
contractions. The theorems in Section 2 extend results of Hardy and
       Rogers 2 , Kannan 3 , Precup 7 , and Reich 8 . Section 3 presents
general continuation type theorems for generalized contractive homo-
topies on spaces with two metrics. The theorems in this section extend
     previous results of Granas 1 , O’Regan 5 , and Precup 7 .
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2. FIXED POINT THEORY
This section presents fixed point results for generalized contractions on
spaces with two metrics. The theorems extend the fixed point results in
  Ž .24, 7, 8 . Throughout this section X, d will be a complete metric space
and d will be another metric on X. If x  X and r 0 let0
B x , r  x X : d x , x  r , 4Ž . Ž .0 0
d  Ž .and we let B x , r denote the d -closure of B x , r .Ž .0 0
Ž  .THEOREM 2.1. Let X, d be a complete metric space, d another metric
Ž .d Ž .on X, x  X, r 0, and F : B x , r  X. Suppose there exists q 0, 10 0
dsuch that for x, y B x , r we haeŽ .0
d Fx , Fy  q max d x , y , d x , Fx , d y , Fy ,Ž . Ž . Ž . Ž .
1 d x , Fy  d y , Fx .Ž . Ž . 42
In addition assume the following three properties hold:
d x , Fx  1	 q r 2.1Ž . Ž . Ž .0 0
if d d assume F is uniformly continuous from B x , r , d into X , d ,Ž . Ž .Ž .0
2.2Ž .
and
d  if d d assume F is continuous from B x , r , d into X , d .Ž . Ž .ž /0
dThen F has a fixed point. That is, there exists x B x , r with x Fx.Ž .0
Before we prove Theorem 2.1 it is worth stating the special case of
Theorem 2.1 when d d.
Ž .COROLLARY 2.2. Let X, d be a complete metric space, x  X, r 0,0
d Ž .and F: B x , r  X. Suppose there exists q 0, 1 such that for x, yŽ .0
d B x , r we haeŽ .0
d Fx , Fy  q max d x , y , d x , Fx , d y , Fy ,Ž . Ž . Ž . Ž .
1 d x , Fy  d y , FxŽ . Ž . 42
and
d x , Fx  1	 q r .Ž . Ž .0 0
dThen there exists x B x , r with x Fx.Ž .0
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Ž . Ž .Proof of Theorem 2.1. Let x  Fx . Now from 2.1 we have d x , x1 0 1 0
Ž . Ž . 1	 q r r so x  B x , r . Next let x  Fx and note that1 0 2 1
d x , x  d Fx , FxŽ . Ž .1 2 0 1
 q max d x , x , d x , Fx , d x , Fx ,Ž . Ž . Ž . 0 1 0 0 1 1
1 d x , Fx  d x , FxŽ . Ž . 40 1 1 02
1 q max d x , x , d x , x , d x , x , d x , xŽ . Ž . Ž . Ž . 40 1 0 1 1 2 0 22
1 q max d x , x , d x , x , d x , x  d x , xŽ . Ž . Ž . Ž . 40 1 1 2 0 1 1 22
 qd x , x .Ž .0 1
To see the last inequality suppose the maximum on the right hand side of
1  Ž . Ž . Ž .the above displayed equation is d x , x  d x , x . Then d x , x0 1 1 2 1 22
q  Ž . Ž . d x , x  d x , x and so0 1 1 22
q
d x , x  d x , x  qd x , x .Ž . Ž . Ž .1 2 0 1 0 12	 q
The other cases are easier. Thus
d x , x  qd x , x  q 1	 q r .Ž . Ž . Ž .1 2 0 1
Ž .Notice x  B x , r since2 0
d x , x  1 q d x , x  1 q 1	 q rŽ . Ž . Ž . Ž . Ž .0 2 0 1
2 1	 q r 1 q q    r .Ž .
Proceed inductively to obtain x  Fx , n 3, 4, . . . withn n	1
d x , x  qd x , x  q nd x , x  q n 1	 q rŽ . Ž . Ž . Ž .n1 n n n	1 0 1
Ž . Ž . Ž .and x  B x , r . Now since q 0, 1 we have that x is a Cauchyn1 0 n
sequence with respect to d. We now claim that
x is a Cauchy sequence with respect to d . 2.4Ž . Ž .n
  Ž .If d
 d this is trivial. Next suppose d d . Let  0 be given. Now 2.2
guarantees that there exists  0 such that
d Fx , Fy   whenever x , y B x , r and d x , y   . 2.5Ž . Ž . Ž . Ž .0
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 4From above we know that there exists N 1, 2, . . . with
d x , x   whenever n , m
N. 2.6Ž . Ž .n m
Ž . Ž .Now 2.5 and 2.6 imply
d x , x  d Fx , Fx   whenever n , m
N ,Ž . Ž .n1 m1 n m
Ž . Ž .and as a result 2.4 holds. Now since X, d is complete there exists x
d Ž . B x , r with d x , x  0 as n . We claim thatŽ .0 n
x Fx . 2.7Ž .
Ž . If 2.7 is true then we are finished. First consider the case when d d .
Notice
d x , Fx  d x , x  d x , Fx  d x , x  d Fx , Fx .Ž . Ž . Ž . Ž . Ž .n n n n	1
Ž . Ž . Ž .Let n  and use 2.3 to obtain d x, Fx  0, so 2.7 is true in this
case. Next suppose d d. Then
d x , Fx  d x , x  d Fx , FxŽ . Ž . Ž .n n	1
 d x , x  q max d x , x , d x , Fx , d x , Fx ,Ž . Ž . Ž . Ž .n n	1 n	1 n	1
1 d x , Fx  d x , FxŽ . Ž . 4n	1 n	12
 d x , x  q max d x , x , d x , Fx , d x , x ,Ž . Ž . Ž . Ž .n n	1 n	1 n
1 d x , x  d x , x  d x , Fx .Ž . Ž . Ž . 4n n	12
Letting n  gives
d x , Fx  qd x , Fx .Ž . Ž .
Ž . Ž .That is, d x, Fx  0, so 2.7 holds.
The following global result can easily be deduced from Theorem 2.1.
Ž  .THEOREM 2.3. Let X, d be a complete metric space, d another metric
Ž .on X, and F : X X. Suppose there exists q 0, 1 such that for x, y X
we hae
d Fx , Fy  q max d x , y , d x , Fx , d y , Fy ,Ž . Ž . Ž . Ž .
1 d x , Fy  d y , Fx .Ž . Ž . 42
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In addition assume the following two properties hold:
if d d assume F is uniformly continuous from X , d into X , d 2.8Ž . Ž . Ž .
and
if d d assume F is continuous from X , d into X , d . 2.9Ž . Ž . Ž .
Then F has a fixed point.
Proof. Fix x  X. Choose r 0 so that0
d x , Fx  1	 q r .Ž . Ž .0 0
dNow Theorem 2.1 guarantees that there exists x B x , r with x Fx.Ž .0
Theorem 2.3 immediately yields the following result of Hardy and
 Rogers 2 .
Ž .COROLLARY 2.4. Let X, d be a complete metric space and F : X X.
Ž .Suppose there exists q 0, 1 such that for x, y X we hae
d Fx , Fy  q max d x , y , d x , Fx , d y , Fy ,Ž . Ž . Ž . Ž .
1 d x , Fy  d y , Fx .Ž . Ž . 42
Then F has a fixed point.
3. HOMOTOPY RESULTS
In this section we present homotopy results for the maps discussed in
 Section 2. Our theorems improve the results in 1, 5, 7 .
Ž  .THEOREM 3.1. Let X, d be a complete metric space and let d be
another metric on X. Let Q X be d-closed and let U X be d-open and
 UQ. Suppose H : Q 0, 1  X satisfies the following fie properties:
Ž . Ž .  i xH x,  for xQU and  0, 1 ;
Ž . Ž .  ii there exists q 0, 1 such that for all  0, 1 and x, yQ we
Ž Ž . Ž ..  Ž . Ž Ž .. Ž Ž ..hae d H x,  , H y,   q max d x, y , d x, H x,  , d y, H y,  ,
1  Ž Ž .. Ž Ž ..4d x, H y,   d y, H x,  ;2
Ž . Ž .iii H x,  is continuous in  with respect to d, uniformly for xQ;
Ž .   iv if d d assume H is uniformly continuous from U 0, 1 en-
Ž .dowed with the metric d on U into X, d ; and
Ž .   v if d d assume H is continuous from Q 0, 1 endowed with the
 Ž .metric d on Q into X, d .
 In addition assume H has a fixed point. Then for each  0, 1 we hae0
Ž Ž . Ž ..that H has a fixed point x U here H . H . ,  .  
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Before we prove Theorem 2.1 we state the special case of Theorem 3.1
when d d.
Ž .COROLLARY 3.2. Let X, d be a complete metric space. Let Q X be
 d-closed and let U X be d-open and UQ. Suppose H : Q 0, 1  X
satisfies the following three properties:
Ž . Ž .  i xH x,  for xQU and  0, 1 ;
Ž . Ž .  ii there exists q 0, 1 such that for all  0, 1 and x, yQ we
Ž Ž . Ž ..  Ž . Ž Ž .. Ž Ž ..hae d H x,  , H y,   q max d x, y , d x, H x,  , d y, H y,  ,
1  Ž Ž .. Ž Ž ..4d x, H y,   d y, H x,  ; and2
Ž . Ž .iii H x,  is continuous in  with respect to d, uniformly for xQ.
 In addition assume H has a fixed point. Then for each  0, 1 we hae0
Ž Ž . Ž ..that H has a fixed point x U here H . H . ,  .  
d ŽRemark 3.1. Usually in Corollary 3.2 we have QU the d-closure of
. Ž . Ž .U in X . Notice in this case that i becomes xH x,  for all x U
Ž .  the boundary of U in X and  0, 1 .
Proof of Theorem 3.1. Let
 A  0, 1 : H x ,   x for some xU . 4Ž .
Ž Ž . .Now since H has a fixed point and i holds we have that 0 A, so A is0
 nonempty. We will show A is both closed and open in 0, 1 , and so by the
   connectedness of 0, 1 we are finished since A 0, 1 .
  Ž .First we show A is closed in 0, 1 . Let  be a sequence in A withk
    0, 1 as k . By definition for each k, there exists x Uk k
Ž .with x H x ,  . Now we havek k k
d x , x  d H x ,  , H x , Ž . Ž . Ž .Ž .k j k k j j
 d H x ,  , H x , Ž . Ž .Ž .k k k
 d H x ,  , H x ,   d H x ,  , H x , Ž . Ž . Ž . Ž .Ž . Ž .k j j j j
 d H x ,  , H x , Ž . Ž .Ž .k k k
 q max d x , x , d x , H x ,  , d x , H x ,  ,Ž . Ž . Ž .Ž .žk j k k j j½
1
d x , H x ,   d x , H x , Ž .Ž . Ž .Ž .k j j k 52
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 d H x ,  , H x , Ž . Ž .Ž .j j j
 d H x ,  , H x , Ž . Ž .Ž .k k k
 q max d x , x , d H x ,  , H x ,  ,Ž . Ž . Ž .Ž .k j k k k½
d H x ,  , H x ,  ,Ž . Ž .Ž .j j j
1
2 d x , x  d H x ,  , H x , Ž . Ž . Ž .Ž .k j j j j2
d H x ,  , H x , Ž . Ž .Ž .k k k 5
 d H x ,  , H x , Ž . Ž .Ž .j j j
2 qŽ .
 d H x ,  , H x , Ž . Ž .Ž .k k k2 1	 qŽ .
d H x ,  , H x ,  .Ž . Ž .Ž .j j j
To see the last inequality suppose the maximum on the right hand side of
the above displayed equation is
1 2 d x , x  d H x ,  , H x ,   d H x ,  , H x ,  .Ž . Ž . Ž .Ž .Ž . Ž .Ž .k j j j j k k k2
Then
d x , x  d H x ,  , H x , Ž . Ž . Ž .Ž .i j k k k
q
 2 d x , x  d H x ,  , H x , Ž . Ž . Ž .Ž .k j j j j2
d H x ,  , H x , Ž . Ž .Ž .k k k
 d H x ,  , H x , Ž . Ž .Ž .j j j
and so
2 qŽ .
d x , x  d H x ,  , H x , Ž . Ž . Ž .Ž .k j k k k2 1	 qŽ .
d H x ,  , H x ,  .Ž . Ž .Ž .j j j
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1 2 qŽ .ŽThe other cases are easier note as well that  and 1 q1	 q 2 1	 qŽ .
2 qŽ . . . Now2 1	 qŽ .
2 qŽ .
d x , x  d H x ,  , H x , Ž . Ž . Ž .Ž .k j k k k2 1	 qŽ .
d H x ,  , H x , Ž . Ž .Ž .j j j
Ž . Ž .and iii guarantees that x is a Cauchy sequence with respect to d. Wek
now claim that
x is a Cauchy sequence with respect to d . 3.1Ž . Ž .i
If d
 d this is trivial. If d d then
d x , x  d H x ,  , H x , Ž . Ž . Ž .Ž .k j k k j j
Ž . Ž . Ž Ž .and iv guarantee that 3.1 is true note as well that x is a Cauchyk
Ž .  .sequence with respect to d and  is a Cauchy sequence in 0, 1 . Nowk
Ž . Ž .since X, d is complete there exists an xQ with d x , x  0 ask
k . We next claim that
xH x ,  . 3.2Ž . Ž .
We consider first the case d d. Now
d x , H x ,   d x , x  d x , H x , Ž . Ž . Ž .Ž . Ž .k k
 d x , x  d H x ,  , H x , Ž . Ž . Ž .Ž .k k k
Ž . Ž Ž .. Ž .together with v guarantees that d x, H x,   0, so 3.2 holds. Next
suppose that d d. Now
d x , H x , Ž .Ž .
 d x , x  d H x ,  , H x , Ž . Ž . Ž .Ž .k k k
 d x , x  d H x ,  , H x ,   d H x ,  , H x , Ž . Ž . Ž . Ž . Ž .Ž . Ž .k k k k k
 d x , x  q max d x , x , d x , H x ,  , d x , H x ,  ,Ž . Ž . Ž . Ž . Ž Ž .k k k k k k
1 d x , H x ,   d x , H x , Ž . Ž . 4Ž . Ž .k k k k2
 d H x ,  , H x , Ž . Ž .Ž .k
 d x , x  q max d x , x , 0, d x , H x , Ž . Ž . Ž . Ž .k k
d H x ,  , H x ,  ,Ž . Ž .Ž .k
1 d x , x  d x , H x , Ž . Ž .Ž .k2
d H x ,  , H x ,   d x , xŽ . Ž . Ž . 4Ž .k k
 d H x ,  , H x ,  .Ž . Ž .Ž .k
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Ž .Let k  and use iii to obtain
d x , H x ,   qd x , H x ,  .Ž . Ž .Ž . Ž .
Ž Ž .. Ž .  Ž .That is, d x, H x,   0, so 3.2 holds when d d . Now from 3.2 and
Ž .  i we have xU. Consequently  A so A is closed in 0, 1 .
 Next we show A is open in 0, 1 . Let   A and x U with x 0 0 0
Ž . Ž . H x ,  . Since U is d-open there exists a d-ball B x ,   x0 0 0
Ž . 4 Ž . Ž .X : d x, x   ,  0, with B x ,  U. Now iii guarantees that0 0
Ž .there exists     0 with
d x , H x ,   d H x ,  , H x ,   1	 q Ž . Ž . Ž . Ž .Ž . Ž .0 0 0 0 0
  for  0, 1 and 	    .0
Ž . Ž . Ž . ŽNow ii , iv , and v together with Theorem 2.1 in this case r  and
d. Ž .FH guarantee that there exists x  B x ,  Q with x H xŽ .  0   
     for  0, 1 and 	   . Consequently A is open in 0, 1 .0
We now discuss a special case of Theorem 3.1 which is particularly
useful in the study of second order differential equations in Banach spaces
Ž  .   Ž  .see 6, Chap. 2 . Let I 0, 1 and E E, . be a real Banach space.
Ž .C I; E is the space of continuous functions y : I E endowed with the
   Ž .  kŽ .norm y  sup y t . For every integer k
 1, C I; E is the space t I
of functions y : I E, such that for each j 1, 2, . . . , k, y Ž j. exists and is
continuous, endowed with the norm
        Žk . y max y , y , . . . , y . 4k ,    
pŽ .Also for 1 p , we let L I; E be the Banach space of all measur-
  pable functions u : I E such that u is Lebesgue integrable on I, with
the norm
1p
1 pp u  u t dt if p Ž .Hž /0
and
 u  inf M
 0 : u t M for a.e. t I . 4Ž .
m , pŽ .For 1 p  we define the Sobolev space W I; E inductively as
1, pŽ .follows. A function u belongs to W I; E if it is continuous and there
pŽ .exists a   L I; E with
1
u t  u o   s ds, t I ;Ž . Ž . Ž .H
0
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1 Ž .here by H  s ds we mean the Bochner integral. For any integer m 1,0
m , pŽ .  m	1, pŽ . m , pŽ .uW I; E if u, u W I; E . The space W I; E is a Ba-
nach space with norm
Ž j.  pu max u : j 0, 1, . . . , m . 4m , p
 1Ž .  THEOREM 3.3. Let R 0, 1 p , D  u C I; E : u 1, R
4 2, pŽ .R , and T : D W I; E . Assume the following conditions are satisfied:R
Ž . Ž . Ž 1Ž .   .a T D is bounded in C I; E , . and there exists R  01, R 0
 Ž .  Ž .with y t  R for a.e. t I and any y T D ;0 R
Ž . 1Ž .b there exists a metric d on C I; E equialent to the metric induced
 by . , which satisfies1, p
 d u ,   c u	Ž . 1, p0
1Ž .for all u,   C I; E for some constant c  0, such that0
 Tu	 T  c d u , Ž .1,  1
Ž .for some constant c  0, and there exists q 0, 1 with1
d Tu , T  q max d u ,  , d u , Tu , d  , T ,Ž . Ž . Ž . Ž .
1 d u , T  d  , TuŽ . Ž . 42
 for all u,  D and  0, 1 ;R
Ž .    c if uD soles u Tu for some  0, 1 then u  R.1, R
Then T has a fixed point in D .R
Remark 3.2. In the proof of Theorem 3.3 we will use a standard result
Ž  .from the literature see 6, Chap. 2 . For convenience we state it here.
1, Ž .  Ž . Suppose 	W I; E is such that 	 t 
 a 0 for some t I and
 Ž . 	 s M for a.e. s I. Then
a 3a21
	 s ds
min , .Ž .H ½ 52 8 M0
   1Ž .Proof. Denote by d the metric induced by . on C I; E . Let1, 
 4K co 0  T D .Ž .Ž .R
1Ž .  1Ž .Notice K C I; E . Denote by X the d -closure of K in C I; E and let
  Q XD . Notice Q is d -closed in X. Define H : Q 0, 1  X byR
Ž . Ž .H x,   Tx and let U be the d-interior of Q in X. Notice condition ii
Ž .of Theorem 3.1 follows immediately from b since QD . Also sinceR
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Ž . Ž 1Ž .   . ŽT D is bounded in C I; E , . there exists r  0 depending only1, R 0
.on R with
H u ,  	H  , 
Ž . Ž . 1, 
 H u ,  	H  ,   H  ,  	H  , 
Ž . Ž . Ž . Ž .1,  1, 
    Tu	 T  r 	 
1,  0
  c d u ,   r 	 
Ž .1 0
  Ž .for all u,  Q and , 
 0, 1 . Thus condition iv of Theorem 3.1 is
    Ž .  true. In addition .  . and d u,   c u	 , yields1, p 1,  1, p0
d H u ,  , H  , 
Ž . Ž .Ž .
  H u ,  	H  , 
  c d u ,   r 	 
Ž . Ž . Ž .1,  1 0
        c c u	  r 	 
  c c u	  r 	 
1, p 1, 1 0 0 1 0 0
   c c d u ,   r 	 
 ,Ž .1 0 0
Ž . Ž .so condition v of Theorem 3.1 is true. Also notice that b together with
 Ž . Ž .  H u,  	H u, 
  r 	 
 yields1,  0
d H u ,  , H u , 
  c H u ,  	H u , 
Ž . Ž . Ž . Ž .Ž . 1, p0
  c H u ,  	H u , 
  c r 	 
 ,Ž . Ž . 1, 0 0 0
Ž .so condition iii of Theorem 3.1 holds. The result of the theorem will
Ž .follow once we show condition i of Theorem 3.1 holds. To show this we
will show that
 uQ and u  R implies uU. 3.3Ž .1, 
Ž . Ž . Ž .Notice 3.3 together with condition c guarantees that condition i of
Theorem 3.1 holds.
Ž .  It remains to show 3.3 . Let uQ and u  R. If we show there1, 
exists r 0 such that
   X and  	 u  r implies  D , 3.4Ž .1, p R
Ž . Ž Ž .then of course 3.3 holds i.e., 3.4 implies  Q for all   X with
  Ž .   1Ž 	 u  r and now since d u,   c  	 u for all u,   C I;1, p 1, p0
. . Ž .E we have uU . Suppose 3.4 is false. Then there exists a sequence
1 Ž .    Ž .   Ž . u  X with u 	 u  and u D . Note u t  R or u t1, pk k k R k kk
   Ž .  R for some t I. Let R  u . Now R  R and u t  R ,1,   
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 Ž . u t  R for all t I. Thus, for each k, there is at least one t such that
either
Ž .  Ž . Ž .   Ž .   Ž .   Ž . 1 u t 	 u t 
 u t 	 u t 
 u t 	 R  R	 R ork k k  
Ž .   Ž . Ž .    Ž .   Ž . 2 u t 	 u t 
 u t 	 u t  R	 Rk k 
holds.
Ž .   Ž . Ž . Case i . Suppose that u t 	 u t  R	 R for all t I, and in-k 
finitely many values of k.
Then, passing to a subsequence if necessary, we may assume that for
each k we have
 u t 	 u t  R	 R for all t IŽ . Ž .k 
and
u t 	 u t  R	 R for at least one t I.Ž . Ž .k 
Then by Remark 3.2 we have
3 R	 RŽ .1 
u s 	 u s ds
  0 for all k .Ž . Ž .H k 80
 This implies u 	 u  0 as k , a contradiction.1, pk
Ž . Ž .Case ii . We assume the opposite to Case i , so we may suppose
  Ž . Ž . without loss of generality that for any k, we have u t 	 u t  R	 Rk 
for at least one t I.
Ž .Let  0 be chosen appropriately see below . Since u, u  X therek
exists u, u  K with˜ ˜k
 u t 	 u t  R	 R for at least one t I ,Ž . Ž .˜ ˜k 
with
 1 1   u s 	 u s ds and u s 	 u s ds .Ž . Ž . Ž . Ž .˜ ˜H Hk k 2 20 0
Ž .Now since u, u  K we have from condition a that˜ ˜k
 u s 	 u s  2 R for all s I.Ž . Ž .˜ ˜k 0
Then by Remark 3.2 we have
2R	 R 3 R	 RŽ .1   u s 	 u s ds
min , 	  0.Ž . Ž .˜ ˜H k ½ 52 16R0 0
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Consequently
1     u s 	 u s ds   u 	 u .Ž . Ž .H 1, pk k
0
   Thus u 	 u 
 	  for all k. Choose   and so u 	 u  01, p 1, pk k
as k , a contradiction.
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